Classical AdS Superstring Mechanics by Hatsuda, Machiko & Kamimura, Kiyoshi
ar
X
iv
:h
ep
-th
/0
10
62
02
v1
  2
2 
Ju
n 
20
01
June 22, 2001
KEK-TH-772
TOHO-FP-0169
Classical AdS Superstring Mechanics
Machiko Hatsuda1 and Kiyoshi Kamimura2†
Theory Division, High Energy Accelerator Research Organization (KEK),
Tsukuba, Ibaraki, 305-0801, Japan
† Department of Physics, Toho University, Funabashi, 274-8510, Japan
Abstract
We analyze the anti-de Sitter (AdS) superparticle and superstring systems de-
scribed in terms of supermatrix valued coordinates proposed by Roiban and Siegel.
This approach gives simple symmetry transformations and equations of motion.
We examine their κ-transformations, infinite reducibility and κ-gauge fixing condi-
tions. A closed first class constraint set for the AdS superparticle is GL(4|4) co-
variant and keeping superconformal symmetry manifestly. For the AdS superstring
σ-dependence breaks the GL(4|4) covariance, where supercovariant derivatives and
currents satisfy the inhomogeneous GL(4|4). A closed first class constraint set for
the AdS superstring turns out to be the same as the one for a superstring in flat
space, namely ABCD constraints.
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1 Introduction
The AdS/CFT correspondence conjectured by [1] requires appropriate descriptions of
the superstring theories in anti-de Sitter (AdS) spaces corresponding to the conformal
field theories (CFT). Since AdS spaces contain the Ramond-Ramond flux, the manifest
space-time supersymmetric Green-Schwarz formalism is more suitable than the Neveu-
Schwarz-Ramond formalism. The superstring theory in the AdS5×S5 background, known
to be dual of the four dimensional CFT, is investigated at the classical level [2, 3, 5]
and at the semi-classical level [4] in the Green-Schwarz formalism. The global sym-
metry of the AdS5×S5 space is SU(2, 2|4). The AdS superstring action is constructed
based on a coset SU(2, 2|4)/(SO(4, 1) × SO(5)) [2]. Recently an alternative approach
has been proposed by Roiban and Siegel [6] based on a coset GL(4|4)/(Sp(4)×GL(1))2,
which is obtained by Wick rotations and introducing scaling degrees of freedom into
SU(2, 2|4)/(SO(4, 1)× SO(5)). In this alternative approach the coordinate is superma-
trix valued. The Lobachevski metric follows from this matrix parametrization rather than
the conventional exponential parametrization. In this paper we follow this approach to
examine the classical mechanics of the AdS superparticle and superstring.
When an element of the coset is given as Z AM ∈ GL(4|4)/(Sp(4)×GL(1))2, the right
invariant and left invariant one-forms are constructed as (dZZ−1) NM and (Z
−1dZ) BA re-
spectively. If we introduce its canonical conjugates, P MA , the global symmetry generators
and the supercovariant derivatives can be written asG NM = (ZP )
N
M andD
B
A = (PZ)
B
A re-
spectively as we will see in next section. The global symmetry generators GL(4|4) ∋ GMN
satisfy
[GMN , GLK ] = −ΩLNGMK + ΩMKGLN , (1.1)
with an antisymmetric metric Ω which raises and lowers the indices. On the other hand
the supercovariant derivatives satisfy
[DAB, DCD] = ΩCBDAD − ΩADDCB . (1.2)
The D’s correspond to τ development, so the supercovariant derivative governs the AdS
superparticle. The covariant derivatives commute/anticommute with the global charges,
[GMN , DAB] = 0. The fermionic components of supercovariant derivatives are nothing
but the fermionic constraints whose first class part generate κ-symmetries. For a flat
superparticle supercovariant derivatives are pµ and dα, and the closed first class constraint
set is given by bi-linear forms of covariant derivatives, pµpµ = 0 and pµγ
µd = 0 [7, 8, 9].
For a conformal particle covariant derivatives are conformal group elements, and the closed
first class constraint set is obtained by squaring the covariant derivatives [10, 11]. The
AdS superparticle is also the case where a sufficient first class constraint set is expressed
as
(D2) CA = D
B
A D
C
B = 0 . (1.3)
They satisfy the following algebra
[D2AB, D
2
CD] = D
3
ADΩCB −D3CBΩAD +D2ADDCB −D2CBDAD (1.4)
1
and are reducible,
D BA D
2 C
B −D2 BA D CB = 0 . (1.5)
The first class constraints (1.3) includes the massless equation and κ-generators repre-
senting local symmetries for the AdS superparticle. Gauge fixing follows to the form of
the first class constraints.
For an AdS superstring the σ dependence requires σ direction current JAB and the
system is described in terms of D and J satisfying
[DAB, DCD] = ΩCBDAD − ΩADDCB
[DAB, JCD] = ΩCBJAD − ΩADJCB (1.6)
[JAB, JCD] = 0 .
A superstring in flat space is described by left/right (∂τ ± ∂σ) chiral representations, but
this is not the case. The naive left/right combination D ± J does not show separation
into two sets, but
[(D ± J)AB, (D ± J)CD] = ΩCB(D ± 2J)AD − ΩAD(D ± 2J)CB (1.7)
[(D ± J)AB, (D ∓ J)CD] = ΩCBDAD − ΩADDCB .
The naive replacement D → D ± J in (1.3)-(1.5) does not work as the stringy extension
of the local symmetry constraint set. To find the local symmetry constraint set is not
trivial as in the AdS superparticle case, and one needs to start with the κ-invariant action
for the AdS superstring.
It is interesting that the algebra (1.6) is recognized as an inhomogeneous GL(4|4) and
it is obtained from the following algebra
[DAB, DCD] = ΩCBDAD − ΩADDCB
[DAB, JCD] = ΩCBJAD − ΩADJCB (1.8)
[JAB, JCD] = ΩCBDAD − ΩADDCB
by the Ino¨nu¨-Wigner contraction [12] with J → RJ and R → ∞ limit. In contrast to
(1.7) the left/right chiral separation is possible for R = 1,
[(D ± J)AB, (D ± J)CD] = ΩCB{(1 + 1
R2
)D ± 2J}AD − ΩAD{(1 + 1
R2
)D ± 2J}CB
(1.9)
[(D ± J)AB, (D ∓ J)CD] = ΩCB(1− 1
R2
)DAD − ΩAD(1− 1
R2
)DCB .
The AdS superstring case (1.7) is given for a case with R→∞. In this case rescaling am-
biguity of J is remained. We will construct the left/right chiral algebra up to constraints
in the section 4 where chiral combinations are Dbose ± Jbose and Dfermi ± (1/2)Jfermi.
A local symmetry constraint set for the AdS superstring is constructed and compared
with the one for a superstring in a flat space, namely ABCD constraints [7, 8, 9]. A
2
flat superstring system can be described in two approaches. One is the usual canonical
approach that includes both first class and second class constraints, and products of two
constraints can be set to be zero consistently [13]. Another one is the first class approach
that includes only first class constraints and square of the supercovariant derivatives are
taken as first class constraints [7]. It is shown that these approaches, [13] and [7], give the
same physical states by analyzing in the light-cone gauge [14]. An advantage of this first
class approach is to avoid complicated second class constraints. Disadvantage is that the
first class constraints are infinitely reducible, so practical covariant quantum computation
is difficult [15]. In this paper we will focus on the classical mechanics for AdS objects to
clarify common features and different features from the ones in the flat background.
The organization of this paper is as follows. In section 2, we perform the canonical
analysis of the AdS superparticle system. The κ symmetry constraints and its reducibility
are clarified. The equation of motion is also given, and it has simple free form. In section
3, we confirm the necessary conditions of the closed first class constraint set by direct
computation from an action. The (D2) BA = 0 constraint set is analyzed in “light-cone-
like” gauge that suppresses half of fermionic degrees of freedom, and then we show that
(D2) BA = 0 constraints reduce into GL(2)×GL(4)∼=U(2)×U(4) generators which turn out
to represent the second class constraints. In other words, the AdS superparticle with first
class constraint set, (D2) BA = 0, is equal to the system with the first and second class
constraints. In section 4, the AdS superstring system is examined in analogous to the
AdS superparticle case. The κ-gauge fixing and equations of motions are examined, and
we show that the complex gauge proposed in [6] can not be applied. The closed first class
constraint set is shown to correspond to the one in a flat background, namely ABCD
constraints.
2 Classical AdS superparticle mechanics
A supersymmetric object propagating in AdS5×S5 space is described using by the follow-
ing coset superspace and the coset elements are parameterized including quotient param-
eters as [6]
GL(4|4)
(Sp(4)×GL(1))2 ∋ Z
A
M , Z
A
M =
(
Z am Z
a¯
m
Z am¯ Z
a¯
m¯
)
=
(
X am Θ
a¯
m
Θ¯ am¯ X¯
a¯
m¯
)
, (2.1)
where M and A are transformed by global GL(4|4) and local (Sp(4) × GL(1))2 corre-
sponding to the global coordinate transformations and the local Lorentz and the dilata-
tion respectively. Throughout this paper we put full components of parameters 82 = 64
as Z AM , then gauge degrees of freedom are eliminated by constraints. The left invariant
current is
J BA = Z
−1 M
A dZ
B
M . (2.2)
A GL(4) matrix Mab is decomposed into a trace part, symmetric part and traceless-
antisymmetric part
Mab = −1
4
ΩabM
c
c +M(ab) +M〈ab〉 = −
1
4
Ω trM + (M) + 〈M〉, (2.3)
3
where Ω is antisymmetric SP (4) metric raising and lowering indices in the NW rule. The
coset parts of the left invariant currents are J〈ab〉, J〈a¯b¯〉, Jab¯ and Jab¯, and local Lorentz
Sp(4), dilatation GL(1) connections are J(ab), trJ respectively.
The action for a superparticle is given in terms of the 1-form currents JAB = dσ
µJµ AB;
S = −
∫
dτ
1
2e
(
J
〈ab〉
0 J0 〈ab〉 − J 〈a¯b¯〉0 J0 〈a¯b¯〉
)
=
∫
dτL . (2.4)
Canonical momentum for Z AM is defined as
P MA =
δrS
δZ˙ AM
(−)A =
(
P ma ζ¯
m¯
a
ζ ma¯ P¯
m¯
a¯
)
, (2.5)
and the Hamiltonian is given by
H = [∑P MA Z˙ AM (−)A − L] . (2.6)
Corresponding to (2.5) we choose the canonical poisson bracket as
[Z AM , P
N
B ] = (−1)AδABδNM (2.7)
in order to preserve supertrace
STrfg =
∑
fAMgMA(−)A ,
[STr(fZ), STr(Pg)] = −STr(fg). (2.8)
The AdS superparticle action (2.4) is rewritten as
S = −
∫
dτ
1
2e
tr
(
〈 X−1v(X˙ −ΘX¯−1 ˙¯Θ) 〉〈 X−1v(X˙ −ΘX¯−1 ˙¯Θ) 〉
− 〈 X¯−1v¯( ˙¯X − Θ¯X−1Θ˙) 〉〈 X¯−1v¯( ˙¯X − Θ¯X−1Θ˙) 〉
)
, (2.9)
v = (I −ΘX¯−1Θ¯X−1)−1
v¯ = (I − Θ¯X−1ΘX¯−1)−1 .
Canonical conjugates are
P ma ≡
δS
δX˙ am
= −1
e
X−1v(X˙ −ΘX¯−1 ˙¯Θ)X−1v
P¯ m¯a¯ ≡ −
δS
δ ˙¯X
a¯
m¯
= −1
e
X¯−1v¯( ˙¯X − Θ¯X−1Θ˙)X¯−1v¯
ζ ma¯ ≡ −
δrS
δΘ˙ a¯m
= −P¯ Θ¯X−1 (2.10)
ζ¯ m¯a ≡
δrS
δ ˙¯Θ
a
m¯
= −PΘX¯−1.
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The supercovariant derivatives are
D BA = P
M
A Z
B
M =
(
D ba D
b¯
a
D¯ ba¯ D¯
b¯
a¯
)
, (2.11)
D ≡ PX + ζ¯Θ¯ , D¯ ≡ P¯ X¯ + ζΘ
D ≡ PΘ+ ζ¯X¯ , D¯ ≡ P¯ Θ¯ + ζX
generating right GL(4|4) transformations
δΛZ
A
M = [Z
A
M , STrDΛ] = (ZΛ)
A
M . (2.12)
Its subgroups GL(1), Sp(4), GL(1), Sp(4) are local gauge symmetries, and their generators
are set to be constraints in our approach
trD = (D) = trD¯ = (D¯) = 0 . (2.13)
The last two fermionic equations of (2.10) are primary constraints,
D b¯a = 0, D¯
b
a¯ = 0 (2.14)
satisfying following poisson brackets
[D b¯a , D¯
d
c¯ ] = δ
d
aD¯
b¯
c¯ − δb¯c¯D da , [D,D] = [D¯, D¯] = 0 . (2.15)
The Hamiltonian (2.6) is obtained as
H = −eAP + tr[Dλ¯+ D¯λ] (2.16)
AP =
1
2
tr[〈D〉2 − 〈D¯〉2] = 0 (2.17)
where AP = 0 is a secondary constraint for Π˙e = 0 and multipliers determined from
consistency as λ = λ¯ = 0 . Because of the bosonic constraint (2.17) the rank of the right
hand side of (2.15) is half the number of its maximal rank, and whose zero modes are
given as (
δdaD¯
b¯
c¯ − δb¯c¯D da
) (
δedD¯
f¯
b¯
+ δf¯
b¯
D ed
)
=
1
2
δeaδ
f¯
c¯AP ≈ 0, (2.18)
where equality holds up to gauge constraints (2.13). Half of the fermionic constraints are
first class and another half are second class constraints as in a flat superparticle. The
fermionic constraints D and D¯ in (2.14) are projected into first class constraints using
〈D〉 and 〈D¯〉 as
BP b¯a = 〈D〉 ba D b¯b +D a¯a 〈D¯〉 b¯a¯
B¯ bP a¯ = 〈D¯〉 b¯a¯ D¯ bb¯ + D¯ aa¯ 〈D〉 ba . (2.19)
They generate following κ-transformations
δκ,κ¯Z = [Z, tr(B¯κ− Bκ¯)] (2.20)
δκ,κ¯X = Θ(κ¯〈D〉+ 〈D¯〉κ¯)
δκ,κ¯X¯ = Θ¯(κ〈D¯〉+ 〈D〉κ)
δκ,κ¯Θ = X(κ〈D¯〉+ 〈D〉κ)
δκ,κ¯Θ¯ = X¯(κ¯〈D〉+ 〈D¯〉κ¯) .
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Both parameters κ and κ¯ have following zero modes, and this reducibility continues in-
finitely
δκ = 〈D〉κ1 − κ1〈D¯〉 , δκ1 = 〈D〉κ2 + κ2〈D¯〉 , · · · , (2.21)
δκ¯ = 〈D¯〉κ¯1 − κ¯1〈D〉 , δκ¯1 = 〈D¯〉κ¯2 + κ¯2〈D〉 , · · · ,
where AP = 0 is used. This fact leads to that only each half components of Θ and Θ¯ can
be fixed by using κ-symmetries. Therefore the complex gauge proposed in the literature
[6] can not be imposed for the AdS superparticle.
Classical equations of motion are given by this Hamiltonian with for example e = 1
Z˙ AM =
[
Z AM ,H
]
= Z BM Γ
A
P B , ΓP =
( 〈D〉 0
0 〈D¯〉
)
(2.22)
where the fermionic constraints (2.14) is used. The second derivative of Z leads to
Z¨ − Z˙ΓP = 0 , (2.23)
and it suggests that ΓP is interpreted as the induced connection onto the world line. 〈D〉
and 〈D¯〉, are conserved “momenta” of this system. They satisfy
[〈D〉〈ab〉, 〈D〉〈cd〉] = Ω〈c|〈b(D)a〉|d〉 − Ω〈a|〈d(D)c〉|b〉 (2.24)
which is the AdS momentum algebra, and the similar form for bared (S5) sector. (2.22)
represents a free particle.
Solutions of (2.22) are
Z(τ) = Z0e
ΓPτ . (2.25)
The world line element is calculated as
ds2 = STr J 20 |bosonic part= STr (Z−1Z˙)2 = STr Γ 2P =
1
2
AP = 0 (2.26)
where the constraints (2.17) is used. Therefore the free superparticle moves along the null
geodesic of the AdS(S) space.
3 Local symmetries of the AdS superparticle
Local symmetries are expressed by a closed first class constraint set. In the previous
section we perform a canonical analysis of a superparticle where products of constraints
including second class are set to be zero consistently. In this section we examine an alter-
native approach that contains only first class constraints without second class constraints.
We obtain a closed first class constraint set and then examine the physical states in a
“light-cone-like” gauge comparing with the one described by the previous approach.
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Although we know that (1.3) is a sufficient closed first class constraint set, we calculate
it directly from AP in (2.17) and D, D¯ in (2.14), then obtain a necessary first class
constraint set as
AP = 1
2
tr
(
〈D〉2 − 〈D¯〉2 + 2DD¯
)
BP b¯a = 〈D〉 ba D b¯b +D a¯a 〈D¯〉 b¯a¯
B¯ bP a¯ = 〈D¯〉 b¯a¯ D¯ bb¯ + D¯ aa¯ 〈D〉 ba (3.1)
cP(ab) = D
a¯
(a| D¯a¯|b) , c¯P (a¯b¯) = D¯
a
(a¯| Da|b¯)
cP 〈ab〉 = D
a¯
〈a| D¯a¯|b〉 , c¯P 〈a¯b¯〉 = D¯
a
〈a¯| Da|b¯〉 .
The reparametrization constraint is AP which is the Hamiltonian (2.6) to preserve all
symmetry constraints up to bi-linears of constraints. The κ-symmetry constraints are BP
and B¯P, and others are required for closure. The first class constraint set (3.1) can be
written as
D2
B
A −
1
4 + 4
δBA TrD
2 = 0 , (3.2)
where TrM =
∑
MAA should not be confused with STrM =
∑
(−)AMAA. The number
of constraints for AP, BP, B¯P are 1, 16, 16 respectively. Total number of constraints
is 1 + 16 × 2 + 10 × 2 + 5 × 2 = 63 = (4 + 4)2 − 1 corresponding to the dimension of
GL(4|4)/GL(1). This result beginning with the AdS superparticle action (2.4) differs
from (1.3) just trace part of D2. Imposing both trace part and supertrace part of D2
constraints means massless constraints in both AdS5 space and S
5 space, which is too
strong for single particle.
The constraints are reduced in a light-cone-like gauge as follows. Using with following
projection operators of AdS spinors
P± ba =
1
2
(γ∓γ±)
b
a , P+ =
(
1 0
0 0
)
, P− =
(
0 0
0 1
)
, (3.3)
supercovariant derivatives are decomposed into
D b¯a = P+D+ + P−D− , D¯ ba¯ = D¯+P+ + D¯−P− , (3.4)
〈D〉 ba = P+〈D〉+P− + P−〈D〉−P+ + P+〈D〉⊥P+ + P−〈D〉⊥P− .
Assuming P+〈D〉+P− 6= 0, BP = 0 = B¯P are solved for D− and D¯+. This allows the
following light-cone-like gauge
tr[〈D〉+γ+] = 4p+ ,
Θ¯ a−m¯ ≡ Θ¯ bm¯ P a−b = 0 , (3.5)
Θ c¯+m ≡ X am P b+aX−1 nb Θ c¯n = 0 ,
where XP±X−1 matrix can be used as the projection for Θ a¯m because of invertibility of
X am . The p+ is assumed not to be zero.These gauge fixing conditions (3.5) make BP+
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and B¯P− to be second class and they are solved as
ζ¯− = − 1
2p+
[〈D〉⊥D+ +D+〈D¯〉]X¯−1 − 〈D⊥〉X−1Θ−X¯−1 (3.6)
ζ+ = − 1
2p+
[D¯−〈D〉⊥ + 〈D¯〉D¯−]γ+X−1 − P¯ Θ¯+X−1
where ζ¯− and ζ+ are conjugates of Θ¯− and Θ+ defined through P−ζ¯ and ζXP+X−1
respectively. AP = 0 can be written as
tr[〈D〉−γ−] = −1
2p+
tr[〈D〉2⊥ − 〈D¯〉2] +
1
p 2+
tr[〈D〉⊥γ+D+D¯− − 〈D¯〉D¯−γ+D+] .(3.7)
Remaining components of constraints BP−, B¯P+, cP and c¯P are first class constraints
written by D+, D¯−, p+, 〈D〉⊥ and 〈D¯〉
BP− = 1
4p2+
γ+D+tr[cPa+ b−〈D〉⊥γ+ − 〈D¯〉D¯−γ+D+] = 0 ,
B¯P+ = 1
4p2+
D¯−γ+tr[cPa+ b−〈D〉⊥γ+ − 〈D¯〉D¯−γ+D+] = 0 ,
cP = D+D¯− ,
c¯P = − 1
p+
〈D¯〉D¯−γ+D+ .
It is noted that BP and B¯P are fixed up to a square of fermionic constraints which can
be set to zero in the second class approach, so BP− and B¯P+ do not produce further
constraints. But this is not the case in the first class approach. We take a sufficient
closed constraint set to examine the restricted states,
cP → D+D¯− = 0, B, B¯, c¯P → D¯−γ+D+ = 0 . (3.8)
Independent supercovariant derivatives D+ and D¯− satisfy
[(D+)
b¯
a , (D¯−)
d
c¯ ] = −p+δb¯c¯(γ−) da . (3.9)
Independent fermionic degrees of freedom are 8 Q+ and 8 Q¯−
Q+ = XP+X−1Q , Q n¯m = Xζ¯ +ΘP¯ (3.10)
Q¯− = Q¯XP−X−1 , Q¯ nm¯ = X¯ζ + Θ¯P
which satisfy (1.1) and anticommute with D+ and D¯−. The poisson bracket (3.9) are
rewritten as the four sets of 4-dimensional Clifford algebras, and further can be written
by two sets of 4-dimensional creation-annihilation commutators in U(2)× U(4) basis as[
d¯a¯i ,d
b¯
j
]
= δijδ
a¯b¯ . (3.11)
In (3.8)D+D¯−’s are generators of GL(2)∼=U(2) and D¯−γ+D+’s are generators of GL(4)∼=U(4),
which are imposed as
〈d | V | d〉 = 0 , V = {D+D¯− , D¯−γ+D+} (3.12)
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where
| d〉 = {| φ〉, d | φ〉, · · · , d8 | φ〉} (3.13)
with the ground state defined by d¯ | φ〉 = 0. The conditions (3.12) is realized on the
states | d〉 as
(V0 − v0) | d〉 = 0 , V− | d〉 = 0 (3.14)
V0 = {V0i = da¯i d¯a¯i |a¯:sum,i:non-sum, V a¯0 = da¯i d¯a¯i |a¯:non-sum,i:sum}
V− = {V−ij = da¯i d¯a¯j |a¯:sum,i>j, V a¯b¯− = da¯i d¯b¯i |a¯>b¯,i:sum} ,
and restricted states are | φ〉 for v0 = 0 or d1¯1 | φ〉 for (v0)1 = (v0)1¯ = 1 as highest weight
states depending on the v0. These are the same higest weight states with the one for a
flat case. It can be obtained by imposing GL(2)×GL(4) invariance while it is obtained
by SO(8) invariance for a flat case. In other words this closed first class constraint set
(D2) BA = 0 is conformal extension of the one for a flat superparticle [14].
4 Classical AdS superstring mechanics
We begin with the action for a superstring given by [6]
S =
∫
dσ2
1
2
{
−√−ggµν(J 〈ab〉µ J〈ab〉ν − J 〈a¯b¯〉µ Jν 〈a¯b¯〉) +
k
2
ǫµν(E1/2Jab¯µ Jνab¯ − E−1/2J a¯bµ Jν a¯b )
}
(4.1)
with k = ±1. Canonical conjugates P MA are defined in (2.5), and we also introduce
useful variables
P˜ ma = P
m
a +
k
2
E−1/2(X¯−1v¯Θ¯X−1)b¯m(J¯1)b¯a = −
√−g(g00J0 + g01J1) ba (X−1v) mb
˜¯P
m¯
a¯ = P¯
m¯
a¯ +
k
2
E1/2(X−1vΘX¯−1)bm¯(J1)ba¯ = −
√−g(g00J¯0 + g01J¯1) b¯a¯ (X¯−1v¯) m¯b¯
ζ ma¯ = −(P¯ Θ¯X−1) ma¯ +
k
2
E1/2(X−1)bm(J1)ba¯ (4.2)
ζ¯ m¯a = −(PΘX¯−1) m¯a +
k
2
E−1/2(X¯−1)b¯m¯(J¯1)b¯a.
The last two fermionic equations are primary constraints corresponding to the one for the
AdS superparticle (2.14),
F b¯a = E
1/4D b¯a +
k
2
E−1/4(J¯1)
b¯
a = 0
F¯ ba¯ = E
−1/4D¯ ba¯ +
k
2
E1/4(J1)
b
a¯ = 0 . (4.3)
9
The Hamiltonian is given by
H = − 2√−gg00A⊥ −
2g01
g00
A‖ + tr[F λ¯+ F¯λ] (4.4)
A⊥ =
1
2
tr[〈D〉2 + 〈J〉2 − 〈D¯〉2 − 〈J¯〉2] = 0 (4.5)
A‖ = tr[〈D〉〈J〉 − 〈D¯〉〈J¯〉] = 0 (4.6)
with multipliers λ’s determined consistently
λ = − 2√−gg00 (E
−1/4J¯)− 2g
01
g00
(−E1/4J)
λ¯ = − 2√−gg00 (−E
1/4J)− 2g
01
g00
(E−1/4J¯) , (4.7)
where we denote J1 as J from now on.
The poisson brackets of the fermionic constraints (4.3) are given schematically as
[
(
F b¯a
F¯ ba¯
)
, (F d¯c , F¯
d
c¯ )] =
(
J b¯d¯ac D
db¯
ac¯
Dbd¯a¯c J
bd
a¯c¯
)
(4.8)
J b¯d¯ac = J〈ac〉Ω
b¯d¯ − J¯〈b¯d¯〉Ωac − 1
4
STrJΩacΩ
b¯d¯
J bda¯c¯ = J
〈bd〉Ωa¯c¯ − J¯〈a¯c¯〉Ωbd − 1
4
STrJΩa¯c¯Ω
bd
Ddb¯ac¯ = −D da δb¯c¯ + D¯ b¯c¯ δda
Dbd¯a¯c = −D bc δd¯a¯ + D¯ d¯a¯ δbc .
The right hand side of (4.8) has half zero modes described symbolically as(
D J
J D
)(
J D
D J
)
=
(
A‖ A⊥
A⊥ A‖
)
= 0 (4.9)
by using the τ and σ reparametrization constraints (4.5) and (4.6). As expected the half
of the fermionic constraints are first class and another half are second class constraints.
The projection matrix into first class is now the one in (4.9), so first class constraints are
given by(
B
B¯
)
≡
(
D J
J D
)(
F
F¯
)
=
( 〈D〉F + F 〈D¯〉 − (〈J¯〉F¯ + F¯ 〈J〉)T
〈D¯〉F¯ + F¯ 〈D〉 − (〈J〉F + F 〈J¯〉)T
)
= 0 . (4.10)
They generate following κ-transformations
δκ,κ¯Z = [Z, tr(B¯κ− Bκ¯)] (4.11)
δκ,κ¯X = Θ(κ¯〈D〉+ 〈D¯〉κ¯+ κT 〈J〉+ 〈J¯〉κT )
δκ,κ¯X¯ = Θ¯(κ〈D¯〉+ 〈D〉κ+ κ¯T 〈J¯〉+ 〈J〉κ¯T )
δκ,κ¯Θ = X(κ〈D¯〉+ 〈D〉κ+ κ¯T 〈J¯〉+ 〈J〉κ¯T )
δκ,κ¯Θ¯ = X¯(κ¯〈D〉+ 〈D¯〉κ¯+ κT 〈J〉+ 〈J¯〉κT ) .
10
Both κ and κ¯ parameters have following zeromodes, and this reducibility continues in-
finitely
δκ = 〈D〉κ1 − κ1〈D¯〉 − 〈J〉κ¯ T1 + κ¯ T1 〈J¯〉 , δκ1 = 〈D〉κ2 + κ2〈D¯〉+ 〈J〉κ¯ T2 + κ¯ T2 〈J¯〉, · · ·
δκ¯ = 〈D¯〉κ¯1 − κ¯1〈D〉 − 〈J¯〉κ T1 + κ T1 〈J〉 , δκ¯1 = 〈D¯〉κ¯2 + κ¯2〈D〉+ 〈J¯〉κ T2 + κ T2 〈J〉, · · ·
(4.12)
where A⊥ = 0 and A‖ = 0 are used. Again it leads to that only each half components of
Θ and Θ¯ can be fixed by using this κ-symmetries.
Now we calculate equations of motion using with the Hamiltonian (4.4) for an AdS
superstring in the conformal gauge g00 + g11 = 0 = g01,
∂τZ
A
M = Z
B
M Γ
A
B , Γ =
( 〈D〉 −E−1/2J¯T
−E1/2JT 〈D¯〉
)
≈
( 〈D〉 2D
2D¯ 〈D¯〉
)
. (4.13)
The momenta satisfies
∂τ 〈D〉 = ∇σ〈J〉 , ∂τ 〈J〉 = ∇σ〈D〉 (4.14)
∂τ 〈D¯〉 = ∇σ〈J¯〉 , ∂τ 〈J¯〉 = ∇σ〈D¯〉 ,
which is the stringy extension of momentum conservation of the superparticle, ˙〈D〉 = 0.
The field equation is given by
{ − ∂2τ + ∂2σ +
1
2
Γˆ+Γˆ− +
1
2
Γˆ−Γˆ+
+
[
Γˆ+|bose, Γˆ−|fermi
]
+
[
Γˆ−|bose, Γˆ+|fermi
]
} AB Z BM = 0 ,
(4.15)
Γˆ± =

 〈Dˆ±〉 2 ˆˆD±
2
ˆˆ¯
D± 〈 ˆ¯ˆD±〉


〈Dˆ〉± = 〈D〉 ± 〈J〉 , 〈 ˆ¯D〉± = 〈D¯〉 ± 〈J¯〉 ,
ˆˆ
D± = D ± 1
2
J ,
ˆˆ¯
D± = D¯ ± 1
2
J¯ ,
in a trivial Sp(4)×GL(1) gauge. Γˆ± are now induced connection of AdS background on
the right/left sectors of the worldvolume.
We have shown that the AdS superstring has the τ, σ reparametrization invariance
and the fermionic constraints that are mixture of first class and second class as same as
the flat superstring. The field equation for the AdS superstring is given by (4.15) which
includes the contribution of the AdS background through the induced connections Γˆ’s.
It is expected that the solutions are written as sum of right and left moving modes.
Indeed the matrix in the right hand side of (4.8) can be diagonalized, where eigenvalues
are
Dˆ± = D± J (4.16)
ˆ¯D± = D¯± J¯
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and eigenstates are
Dˆ b¯± a = F
b¯
a ± F¯ b¯ a = E1/4 ˆˆD b¯a ± E−1/4
ˆˆ¯
Db¯ a . (4.17)
The coset part of supercovariant derivative can be separated into right/left moving sectors
up to constraints[
〈Dˆ±〉ab(σ), 〈Dˆ∓〉cd(σ′)
]
= 2Ω〈c|〈b(D)a〉|d〉 ≈ 0[
〈Dˆ±〉ab(σ), Dˆ d¯∓,c(σ′)
]
= Ωc〈bDˆ
d¯
±,a〉δ(σ − σ′) ≈ 0[
Dˆ b¯±,a(σ), Dˆ
d¯
∓,c(σ
′)
]
= 2
(
Ωac(D¯)
b¯d¯ + Ωb¯d¯(D)ac
)
≈ 0 (4.18)
and similar algebras for the bared (S5) sector. This right/left separation corresponds to
the choice Jbose → RJbose and Jfermi → (R/2)Jfermi in the IW contraction (1.9). Despite
of the general feature of the algebra (1.7), this almost chiral representation is possible
because of local constraints such as bosonic Sp(4) constraints D(ab) = D¯(ab) = 0. On
the other hand this incomplete separation causes the following complicated algebra. The
poisson bracket of supercovariant derivatives for a τ +σ sector are given as follows, where
+ indices are omitted:[
〈Dˆ〉ab(σ), 〈Dˆ〉cd(σ′)
]
= 2Ω〈c|〈bΩa〉|d〉δ
′(σ − σ′) + 4Ω〈c|〈b(J)a〉|d〉δ(σ − σ′)[
〈 ˆ¯D〉a¯b¯(σ), 〈 ˆ¯D〉c¯d¯(σ′)
]
= −2Ω〈c¯|〈b¯Ωa¯〉|d¯〉δ′(σ − σ′) + 4Ω〈c¯|〈b¯(J¯)a¯〉|d¯〉δ(σ − σ′)[
Dˆ b¯a (σ), Dˆ
d¯
c (σ
′)
]
= 2(Ωb¯d¯〈Dˆ〉ac − Ωac〈 ˆ¯D〉b¯d¯)δ(σ − σ′)[
〈Dˆ〉ab(σ), Dˆ d¯c (σ′)
]
= Ωc〈bD˜
d¯
a〉 δ(σ − σ′)[
〈 ˆ¯D〉a¯b¯(σ), Dˆ d¯c (σ′)
]
= δd¯〈a¯D˜c|b¯〉δ(σ − σ′) (4.19)[
D˜ b¯a (σ), D˜
d¯
c (σ
′)
]
= 2(−Ωb¯d¯〈Dˆ+ 2J〉ac + Ωac〈 ˆ¯D+ 2J¯〉b¯d¯)δ(σ − σ′)[
Dˆ b¯a (σ), D˜
d¯
c (σ
′)
]
= −4ΩacΩb¯d¯δ′(σ − σ′)− 4{Ωac(J¯)b¯d¯ + Ωb¯d¯(J)ac)}δ(σ − σ′)[
〈Dˆ〉ab(σ), D˜ d¯c (σ′)
]
= Ωc〈b(Dˆ − 2ωˆ) d¯a〉 δ(σ − σ′)[
〈 ˆ¯D〉a¯b¯(σ), D˜ d¯c (σ′)
]
= δd¯〈¯a¯(Dˆ − 2ωˆ)c|b¯〉δ(σ − σ′)
where
D˜ b¯± a = Dˆ
b¯
∓ a + 2ωˆ
b¯
± a
ωˆ b¯± a = ±E1/4J b¯a − E−1/4J¯ b¯ a .
Then next we calculate closed first class constraint set to obtain its local symmetries
analogous to the AdS superparticle case. The first class constraint set, which can be
separated into the left/right chiral sectors up to the constraints, is given by
A = 1
4
tr
(
〈Dˆ〉2 − 〈 ˆ¯D〉2 + D˜Dˆ
)
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B b¯a = 〈Dˆ〉 ·a Dˆ b¯· + Dˆ ·¯a 〈 ˆ¯D〉 b¯·¯ (4.20)
C b¯ d¯a c = Dˆ b¯a Dˆ d¯c
D〈ab〉 = Dˆ ·¯〈a ∇Dˆb〉¯· , D¯〈a¯b¯〉 = Dˆ· 〈a¯|∇Dˆ·|b¯〉 ,
where indices ·, ·¯ are used as contracted indices. The number of A, B, C, D and D¯ are
1, 16, 16 × 15/2 = 120, 5 and 5 which coincides with the flat superstring case [7]. They
satisfy the following algebras up to (2.13) :
[A(σ),A(σ′)] = 2A(σ)δ′(σ − σ′) +A′δ(σ − σ′)[
A(σ),B d¯c (σ′)
]
= −2B d¯c δ′(σ − σ′) + {−∇B d¯c +
1
2
C ·¯c 〈· ·¯ωˆ d¯− ·〉 −
1
2
〈ωˆ ·¯− cC· ·¯〉 d¯· }δ(σ − σ′)
∇B d¯c =
(
B′ − 2(J)B + 2B(J¯)
) d¯
c[
A(σ), C d¯ d¯a c (σ′)
]
= 2C b¯ d¯a c (σ)δ′(σ − σ′) + C
′ b¯ d¯
a c (σ)δ(σ − σ′)
[A(σ),Dab(σ′)] = −3Dab(σ)δ′(σ − σ′)− 2D′ab(σ)δ(σ − σ′)[
A(σ), D¯a¯b¯(σ′)
]
= −3D¯a¯b¯(σ)δ′(σ − σ′)− 2D¯′a¯b¯(σ)δ(σ − σ′)[
B b¯a (σ),B d¯c (σ′)
]
= −
(
C ·¯〈a c〉¯· + C·〈b¯ d¯〉· + 2C d¯ b¯a c
)
δ′(σ − σ′)
−2[(〈Dˆ〉acΩb¯d¯ + 〈 ˆ¯D〉b¯d¯Ωac)A
+
1
2
(B b¯a D˜ d¯c + ab¯ ↔ cd¯) + (BD˜T )〈ac〉Ωb¯d¯ − (D˜TB)〈b¯d¯〉Ωac
−∇C d¯ b¯a c +DacΩb¯d¯ − D¯b¯d¯Ωac]δ(σ − σ′)
∇C d¯ b¯a c = C
′ d¯ b¯
a c + C ·¯ ∗¯· ∗ [
(
(J) ·a δ
d¯
·¯ + (J¯)
d¯
·¯ δ
·
a)δ
∗
cδ
b¯
∗¯+
d¯
a ↔b¯c
)
−Ωac(J)·∗δ[b¯·¯ δd¯]∗¯ + Ωb¯d¯(J¯)¯·∗¯δ·[aδ∗c] + (J)acδ(b¯·¯ δd¯)∗¯ Ω∗· − (J¯)b¯d¯δ·(aδ∗c)Ω∗¯¯· ][
B b¯a (σ), C c¯ d¯c d (σ′)
]
= [ − 2ΩacΩb¯c¯Dˆ d¯d A+
1
2
{(δ·cδb¯·¯ δ∗dδd¯∗¯D˜ c¯a −c¯a ↔b¯c)− (δ·dδb¯·¯ δ∗c δc¯∗¯D˜ d¯a −d¯a ↔b¯d)
−(δb¯·¯ δ∗dδd¯∗¯D˜·c¯Ωca−d¯d ↔c¯c) + (δ·aδ∗dδd¯∗¯D˜c¯·Ωc¯b¯−d¯d ↔c¯c)
−(δ∗dδd¯∗¯D˜··¯Ωc¯b¯Ωca−d¯d ↔c¯c)}C ·¯ ∗¯· ∗ ] (σ)δ(σ − σ′)[
B b¯a (σ),Dcd(σ′)
]
= [ 2Dˆ b¯c ΩadA+ D˜ 〈¯·d C b¯c a¯· − D˜ 〈¯·c C· b¯·¯〈· Ωa|d〉 ] δ′(σ − σ′)
+ [ 4∇Dˆ b¯c ΩadA− D˜ ·¯·∇C b¯·¯·c Ωad
+D˜ ·¯d {−∇C b¯c a¯· + (∇C ·c a· −Dca)δb¯·¯ + (
1
2
∇C·b¯ ·¯· + D¯b¯·¯ )Ωac} ] δ(σ − σ′)
(4.21)
It is noted that the covariant derivatives ∇σ are not usual covariant derivatives on con-
straints, but ∇σ acts on parameters as usual Sp(4) covariant derivatives if one multiply
parameters to these algebra. Since commutators among C’s and D’s always contain two
Dˆ’s, they make closed algebras.
The AdS superstring algebra does not have the form of the AdS superparticle algebra
(3.2), (D2) BA |Traceless = 0. Because of the stringy anomalous term [〈Dˆ〉, 〈Dˆ〉] ∼ δ′(σ− σ′),
the poisson bracket between two B’s contains δ′(σ − σ′) C term which no more has the
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form of (3.2). The number of C constraints is 120 =
(
10
3
)
which is the number of
degrees of freedom of three forms in 10-dimensions. The total number of this constraints
set is 1 + 16 + 120 + 10 = 147 which is not 82 − 1 = 63 of the AdS superparticle case
but is same as the flat superstring case [7, 9]. Interesting result is that this first class
constraint set A = B = C = D = 0 satisfy the same algebra of the one for the flat case
[7, 9]. This first class constraint set represents the same as the system with the second
class constraints F = F¯ = 0 in (4.3).
5 Conclusions and discussions
In this paper we have examined the manifest superconformal construction of the AdS
superparticle and superstring described by the supermatrix valued coordinates. By intro-
ducing supercovariant derivatives whole symmetries of the AdS superparticle are simply
described by D2 = 0, adding to (Sp(4)×GL(1))2 constraints (D) = trD = 0. κ-symmetry
and its infinitely reducibility for both the AdS superparticle/string are shown as that half
of each Θ and Θ¯ can be gauged away. So the complex gauge proposed in [6] can not
be applied. Equation of motion of the AdS superparticle is obtained as free null AdS
geodesics.
The equation of motion for the AdS superstring is obtained as two-dimensional wave
equation with induced AdS connection. The left/right chiral separation from this two
dimensional equation is not obvious, but we obtained left/right chiral supercovariant
derivative algebra from the action. Chiral separation of the supercovariant derivatives
and spacetime local symmetry algebra are possible up to constraints. The origin of this
weakly chiral separation can be explained as that the AdS superstring is described by su-
percovariant derivatives and currents which satisfy inhomogeneous GL(4|4) rather than
just GL(4|4). In other words stringy extension is not incorporated with the superconfor-
mal symmetry GL(4|4). Local symmetry constraint set for the AdS superstring obtained
by direct computation from the action is turned out to be the same with the one for the
flat case, ABCD constraints.
Quantization of these systems are possible in the first class constraints approach for
the AdS superparticle and the “light-cone-like” gauge for both the AdS superparticle and
string as we have shown. This model is easy to handle as the AdS superstring system,
and will be useful toward the AdS superstring correction to the classical AdS supergravity
theory.
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